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ABSTRACT
We investigate three-dimensional nonlinear rotating viscoelastic curved jets in the presence of gravity force.
Applying the Giesekus model for the viscoelastic stress parts of the jet flow system and using perturbation
methods with a consistent scaling, a relatively simple system of equations with realistic three-dimensional
centerlines is developed. We determine numerically the relevant solution quantities of the model in terms
of the radius, speed, tensile force, stretching rate, strain rate and the jet centerline versus arc length and
for different parameter values associated with gravity, viscosity, rotation, surface tension and viscoelasticity.
Considering the jet flow system in full 3-dimensions and in the presence of gravity can be significant, impacting
the jet speed, strain rate, tensile force, stretching rate and the centerline curvature are notably increased in
magnitude and the jet radius size is reduced and this becomes more dominant with larger values of the arc
length, gravity, rotation and viscoelasticity. In particular, for a typical value of the gravity and for an order
one value of the arc length, we found that gravity makes jet speed higher by at least a factor of 2 and makes
jet radius lower by a factor of 0.6 or smaller as we compare to the corresponding values when gravity is not
considered.

1. Introduction
We are interested to study the problem of rotating jet flows with
the focus on the problems in various applied areas that deal with the
viscoelastic jet generation and the potential applicability in the case
of fiber production technology. The governing system of partial differential equations and the boundary conditions for the jet flow system
is so complex and formidable to study that only reliable modeling
approach can go forward for further understanding such system and
its solutions. We proceed in the present study with the development of
a reliable model based on the applied mathematics methods for rather
simple cases of the parameters values to determine the fundamental
features of the solutions to such jet system, even though we are aware
of the challenges that exist for the authors in the past whose asymptotic
models for such jet system failed for the parameter values relevant to
the nano-fiber jet cases, and instead a so-called regularization approach
was used that drastically changed and eliminated terms in the actual
partial differential equations of the fluid mechanics with no applied
mathematics justification and no experimental verification (see Refs. 1,
2). However, we are very optimistic that our present applied mathematical approach based on the proper scaling and perturbation procedure,
which accounts for the well-known partial differential equations of
fluid flow, is the most likely one that can determine nano-fiber jet
solutions and overcome such challenges in near future.

Rotationally driven flows have been extensively studied by researchers computationally, theoretically and experimentally. Such studies have been conducted considering different fluid flow conditions
including inviscid, Newtonian and non-Newtonian (see Refs. 3–10)
fluids. In one of the main physical characterization of the resulting jet,
we find a jet of very small radius. This is in fact used in the theoretical
formulation by accounting for the small aspect ratio of the jet’s radius
to the jet’s length. Relevant theoretical and numerical investigations
are reported by Decent et al.3 in which an inviscid rotating jet in the
presence of gravity and surface tension was considered. Later the same
research group, Decent et al.,5 considered a more complicated problem
in 2-dimensions which modeled a Newtonian viscous jet. They reported
that the viscosity in the system made the jet structure attain a high level
of curvature.
In 2011, Padron et al.6 conducted a modeling and computation
investigation of a 2-dimensional inviscid rotating jet in the presence of
surface tension. Their model considered is related to the forcespinning
process, an experimental set up to fabricate small fibers with a rotation mechanism. The numerical solutions reported by Padron et al.6
indicated that higher rotation rates generated thinner jets and that
considering higher values of surface tension will generate contracted
jet path trajectories. In order to continue to explore and understand
the mechanisms of rotating flows, Padron et al.8 conducted a follow
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up experimental investigation in 2013. The experimental investigation
studied the fabrication of small fiber in the forcespinning process. The
use of high speed photography allowed to detect the effects of angular
velocity, viscosity, jet path trajectory, jet speed and jet radius.
In 2017, Riahi9 studied a polymeric fiber jet during the forcespinning process by implementing a phenomenological viscosity model
for the polymeric non-Newtonian fluid. He simplified the rheological
behavior of the polymeric fluid by considering only the viscous aspects
of the extensional thinning rheology of the polymeric fluid. Similar to
Wallwork et al.4 and Decent et al.,5 he considered a 2-dimensional
model in the absence of gravity for the case of a Newtonian viscous
case. He reported that the non-Newtonian fluids allowed for a more
favorable thinning jet which is of particular interest in applications.
More recently Riahi10 investigated a two-dimensional rotating viscoelastic jets model in the absence of gravity. The model contained the
Giesekus constitutive equations (see Ref. 11) for the stress tensor in the
governing equations for the jet system. Riahi solved the proposed model
for relevant quantities associated with the forcespinning process.
It should be noted that all the related two-dimensional studies in
the past (see Refs. 4, 5, 9, 10) were under the restricted and unrealistic
assumption that the jet centerline was in fixed horizontal plane and
no effect of gravity was taken into account, which are contrary to
the experimental observations (Padron et al.8 ). The importance of the
present study relies in that our model now considers full three-space
dimensions and the presence of gravity. Such conditions are important
to construct a more realistic model since the actual experimental setting
takes place in three-dimensions (see Ref. 8).
We solve our proposed model by using theoretical and numerical
techniques and we obtain relevant jet flow quantities for the jet flow
system such as speed, radius, strain rate, stretching rate and trajectory
versus different values of the parameters that represent effects due
to gravity, rotation, viscosity, surface tension, relaxation time for the
polymeric extension. We find that the full three-dimension modeling of
the flow along with gravity provide a destabilizing effect in the sense
that values of the jet speed, stretching rate, centerline curvature and
strain rate are increased and the size of the jet radius was decreased and
more so with increasing the parameter values associated with gravity,
rotation and relaxation time. As compared to the known results for
the two-dimensional cases of polymeric jets9,10 and Newtonian viscous
jets,5 the present three-dimensional study is able to uncover new results
which show how jet fiber formation is affected by the three-dimensional
realistic nature of the problem in the presence of gravity.

Fig. 1. Rotating spinneret and coordinate systems.

Here u is the relative velocity vector of the jet, P is the pressure, T is the
stress tensor, 𝜌 is the density of the melt or solution, g is the gravity
force per unit mass, t is the time variable, 𝜔 is the angular velocity
vector, whose magnitude is designated by 𝛺, of the rotating spinneret,
and the orifice of the spinneret emits fiber jet from the melt or solution
in the fluid container,6,8 r is a position vector of a point on the jet,
𝜂p and 𝜂s are the viscosities of the polymer and solvent, respectively,
𝜆 is the so-called relaxation time and 𝜇 is a constant coefficient. This
is a coefficient of the nonlinear stress term in (2.4) that contributes
to an anisotropic hydrodynamic drag on the viscoelastic polymer flow
molecules13 whose value is in the interval [0, 1] (see Ref. 11). We
also consider here a Cartesian coordinate system (X, Y, Z) that is
attached to the spinneret, and we refer to it as the rotating coordinated
system. Clearly, this coordinate system is fixed relative to the rotating
spinneret. In contrast to the previous unrealistic and restricted twodimensional studies,4,9,10 we consider here a three-dimensional model
that takes into account the presence of gravity force. The fiber jet’s arc
length condition that needs to be satisfied here in the three-dimensional
space is given by
(𝜕𝐗∕𝜕𝑠)2 + (𝜕𝐘∕𝜕𝑠)2 + (𝜕𝐙∕𝜕𝑠)2 = 1,

where s is the arc length along the jet’s centerline. Thus, here the
components of a position vector of a point on the jet’s centerline with
respect to the Cartesian coordinate (X, Y, Z) system are designated by
X, Y and Z, respectively.
The governing equations (2.1)–(2.5) given above are needed to have
relevant boundary conditions for the jet. At the free surface of the jet
the relevant kinematic and dynamic boundary conditions (see Ref. 12)
are given by

2. Model formulation
The modeling for the rotating viscoelastic jet considered in this
paper is initially based on the original three-dimensional governing
system of equations for the momentum and mass conservation12 in a
coordinate system that is placed, attached and embedded on a rotating
spinneret (see Fig. 1) for a rotating system like the one for the forcespinning system.6,8 In Fig. 1 the gravity force and the angular velocity
are shown, where the axis of the angular velocity is anti-parallel to that
of the gravity force, and C represents half-length of spinneret. Like the
forcespinning process, the produced fibers are considered to be curved
due to the rotational forces generated by the spinneret.
The following governing equations are given for the mass continuity
and momentum that can represent the viscoelastic jets in the rotating
frame, where in these equations the stress tensor T is based on the upper
convected Maxwell model (Bird et al.13 ; Larson14 ):
∇ ⋅ 𝐮 = 0,

𝜕𝛽∕𝜕𝑡 + 𝐮 ⋅ ∇𝛽 = 0, 𝛽≡𝑛 − 𝑅(𝑠, 𝜙, 𝑡),

(2.6)

(𝐓 − 𝑃 𝐈) ⋅ 𝐧 = −𝜎𝜅𝐧,

(2.7)

where n is the radial variable and 𝜙 is the azimuthal angle representing
the variables of the polar coordinate in a plane that is perpendicular to
the jet centerline, n is a unit normal vector perpendicular to the jet’s
free surface boundary that points outward from the jet, I is a unitary
matrix, R is the jet radius, 𝜎 is surface tension, and 𝜅≡∇.n is twice
mean curvature of the jet boundary. Following earlier treatment,4,10
we presented these boundary conditions (2.6)–(2.7) in terms of independent variables of a local orthogonal curvilinear coordinates (s, n,
𝜙). In addition, in the present three-dimensional jet case, the following
main boundary conditions at the orifice where jet exits are needed to
be satisfied

(2.1)

𝜕𝐮∕𝜕𝑡 + 𝐮 ⋅ ∇𝐮 = (−1∕𝜌)∇𝑃 + (1∕𝜌)∇ ⋅ 𝐓 − 𝝎 × (𝝎 × 𝐫) − 2𝝎 × 𝐮 + 𝐠, (2.2)
𝐓 = 𝝉 + 𝜂s (∇𝐮 + ∇𝐮T ),

(2.5)

𝐗 = 𝐘 = 𝐙 = 𝜕𝐘∕𝜕𝑠 = 𝜕𝐙∕𝜕𝑠 = 0, 𝜕𝐗∕𝜕𝑠 = 1, 𝑢 = 𝑈 , 𝑅 = 𝑟𝑜 at 𝑠 = 0.

(2.3)

(2.8)

𝜆𝜕𝝉∕𝜕𝑡 + 𝝉 + 𝜆{𝐮 ⋅ ∇𝝉 − ∇𝐮T ⋅ 𝝉 − 𝝉 ⋅ ∇𝐮) + 𝜇(𝜆∕𝜂p )(𝝉)2 = 𝜂p (∇𝐮T + ∇𝐮).

Here U is the velocity of jet centerline at the exit section and 𝑟𝑜 is the
radius of the orifice that is located at the jet exit section.

(2.4)
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where

We non-dimensionalize the governing system (2.1)–(2.7) in the
earlier described orthogonal coordinate system (s, n, 𝜙) by certain
scaling for each variable which is as follows. We use scaling U for
the velocity vector u=(u, v, w), 𝜌𝑈 2 for fluid pressure, 𝑟0 for n and
R, C for s and (X, Y, Z), C/U for t and (𝜂s +𝜂p )U /𝑟0 for the stress
tensor, where C is half of length of the spinneret. For simplicity
of notation, we express the resulting non-dimensional variables in
the non-dimensional governing system in terms of the same original
symbols. The resulting non-dimensional form governing system will
contain some non-dimensional parameters that are as follows. Rossby
number 𝑅𝑏 =U /(𝛺C) that represents the rotational parameter, Froude
number 𝐹 = 𝑈 /(Cg )0.5 that represents the gravity parameter, Weber
number 𝑊𝑒 = 𝜌𝑈 2 𝑟𝑜 /𝜎 that represents the surface tension parameter,
Reynolds number 𝑅𝑒 = 𝜌UC/(𝜂s + 𝜂p ) that represents the viscosity
parameter, Deborah number 𝐷𝑒 = 𝜆U /C that represents the nonNewtonian parameter, 𝜂 = 𝜂p /(𝜂s + 𝜂p ) that represents viscosity ratio
and 𝜀 = 𝑟𝑜 /C (𝜀<<1) that represents a small aspect ratio parameter of
the jet, where g is acceleration due to the gravity effect and 𝜆 is the
relaxation time of the viscoelastic jet.
As described and used in the previous studies,4,10 the present jet
system in its non-dimensional form contains 𝜀, which is under the
reasonable condition, which is in agreement with the experimental
results,8 that the fiber jet is sufficiently long and slender, so that 𝜀 can
be a very small parameter (𝜀<<1). Thus, in our scaling analysis that
we consider here we apply the following expansions for the dependent
variables:

𝐸0 ≡[(𝜕 2 𝑋∕𝜕𝑠2 )2 + (𝜕 2 𝑌 ∕𝜕𝑠2 )2 + (𝜕 2 𝑍∕𝜕𝑠2 )2 ]0.5 ,

(2.11)
(2.12)

𝐸4 ≡ − 𝐸2 ∕[𝐸0 (𝜕𝑍∕𝜕𝑠)],

(2.23)

𝐸5 ≡𝐸1 ∕[𝐸0 (𝜕𝑍∕𝜕𝑠)],

(2.24)

𝐸6 ≡𝐸1 ∕𝐸0 − 𝐸3 (𝜕𝑋∕𝜕𝑠)∕[𝐸0 (𝜕𝑍∕𝜕𝑠)],

(2.25)

𝐸7 ≡𝐸2 ∕𝐸0 − 𝐸3 (𝜕𝑌 ∕𝜕𝑠)∕[𝐸0 (𝜕𝑍∕𝜕𝑠)],

(2.26)

𝐸8 ≡[𝐸3 𝐸5 − 𝐸7 (𝜕 2 𝑍∕𝜕𝑠2 )]∕[𝐸0 (𝜕𝑍∕𝜕𝑠)(𝐸4 𝐸7 − 𝐸5 𝐸6 )],

(2.27)

2

𝐸9 ≡[𝐸6 (𝜕 𝑍∕𝜕𝑠 ) − 𝐸3 𝐸4 ]∕[𝐸0 (𝜕𝑍∕𝜕𝑠)(𝐸4 𝐸7 − 𝐸5 𝐸6 )],

(2.28)

𝐸10 ≡[1 − 𝐸8 (𝜕𝑋∕𝜕𝑠) − 𝐸9 (𝜕𝑌 ∕𝜕𝑠)]∕(𝜕𝑍∕𝜕𝑠),

(2.29)

𝐸11 ≡𝐸7 ∕(𝐸4 𝐸7 − 𝐸5 𝐸6 ),

(2.30)

𝐸12 ≡𝐸6 ∕(𝐸4 𝐸7 − 𝐸5 𝐸6 ),

(2.31)

𝐸13 ≡[𝐸6 (𝜕𝑌 ∕𝜕𝑠) − 𝐸7 (𝜕𝑋∕𝜕𝑠)]∕[(𝐸4 𝐸7 − 𝐸5 𝐸6 )(𝜕𝑍∕𝜕𝑠)].

(2.32)

(2.34)

3. Solutions and results
Before determining the numerical solutions for the jet system
(2.13)–(2.32) and (2.33)–(2.34) at arbitrary arc length and presenting
the corresponding results, we want to investigate first the asymptotic
form of the solution to such system in the limit of very small arc length
s. Such asymptotic investigation can also help to secure some additional
boundary conditions that turns out to be needed in our numerical
procedure, which is based on using an initial value problem, to be
described below in this section. To investigate the asymptotic form of
the solution to the above described system for small s, we find

− 𝐸10 (𝜕𝑋∕𝜕𝑠)] + (1∕𝑅2𝑏 )[𝐸8 (𝑋 + 1) + 𝐸10 𝑍]
+ [(1 − 𝜂)∕𝑅𝑒 ][(6∕𝑅)(𝜕𝑅∕𝜕𝑠)(𝜕𝑢∕𝜕𝑠) + 2(𝜕 2 𝑢∕𝜕𝑠2 )]
(2.13)
(2.14)

[(𝜕𝑋∕𝜕𝑠)(𝜕 3 𝑋∕𝜕𝑠3 ) + (𝜕𝑌 ∕𝜕𝑠)(𝜕 3 𝑌 ∕𝜕𝑠3 ) + (𝜕𝑍∕𝜕𝑠)(𝜕 3 𝑍∕𝜕𝑠3 )](𝜕𝑢∕𝜕𝑠)
+ (2∕3)(𝜕𝐸0 ∕𝜕𝑠) = 0,

(2.22)

As noted from (2.34), for the stress conditions at the jet exit section
𝑠 = 0 we use purely Newtonian conditions since similar to the electrospinning case (see Ref. 15), our numerical computation indicated that
our results are insensitive with respect to any changes to these stress
conditions. In addition, these stress conditions at 𝑠 = 0, turn out to be
based on the result that the molecules of the viscoelastic flow have not
yet been stretched at the initial location of the jet at s=0.16
It should be noted that from the centerline momentum equation
(2.13), it can be seen that the it contains an important term due to the
so-called tensile force 𝑇𝑓 = 𝑅2 (𝜏11 − 𝜏22 ) (see Ref. 15). As is provided
in the next section, the centerline rate of change of the tensile force for
the fiber jet is found to be positive, and it turns out to make notable
contribution to speed up the jet and, which leads to a notable reduction
in the size of the jet radius.

(2.10)

𝑢(𝜕𝑢∕𝜕𝑠) = [1∕(𝑊𝑒 𝑅2 )]𝜕𝑅∕𝜕𝑠 − 𝐸9 ∕𝐹 2 + (2𝑢∕𝑅𝑏 )[𝐸8 (𝜕𝑍∕𝜕𝑠)

𝑢𝜕𝑅∕𝜕𝑠 = −(𝑅∕2)𝜕𝑢∕𝜕𝑠,

𝐸3 ≡[(𝜕𝑌 ∕𝜕𝑠)(𝜕 2 𝑋∕𝜕𝑠2 ) − (𝜕𝑋∕𝜕𝑠)(𝜕 2 𝑌 ∕𝜕𝑠2 )],

𝜏11 − 2𝜂𝜕𝑢∕𝜕𝑠 = 𝜏22 + 𝜂𝜕𝑢∕𝜕𝑠 = 0 at 𝑠 = 0.

where subscripts ‘‘ij‘‘ for 𝜏𝑖𝑗 that we used in (2.12) indicate, respectively, normal stress components along s and n directions for 𝑖 = 𝑗 = 1
and 2, while tangential components of the stress tensor indicate the
case for i≠j. Also, 𝛿ij is defined to be equal to 1 if 𝑖 = 𝑗 and 0 if i≠j.
For implementation of our scaling analysis for the jet model, we
use the expansions (2.9)–(2.12) in the governing system, where 𝜀 is
used to scale the variables properly in the governing system. Our nondimensional governing system is then simplified for the steady case and
only the leading order terms in (2.1)–(2.5) are retained. Our additional
simplifications are made to have a final system only for 𝑢0 , 𝑅0 , 𝑋0 ,
𝑌0 and 𝑍0 . For simplicity of notations, we drop the subscripts and the
finalized and simplified form of the modeling system is then given by

+ [1∕(𝑅𝑒 𝑅2 )](𝜕∕𝜕𝑠)[𝑅2 (𝜏11 − 𝜏22 )],

(2.21)

𝑋 = 𝑌 = 𝑍 = 𝜕𝑌 ∕𝜕𝑠 = 𝜕𝑍∕𝜕𝑠 = 𝑢 − 1 = 𝑅 − 1 = 𝜕𝑋∕𝜕𝑠 − 1 = 0 at 𝑠 = 0,
(2.33)

(𝑋, 𝑌 , 𝑍) = [𝑋0 (𝑠, 𝑡) + 𝜀𝑋1 (𝑠, 𝑡) + ⋯, 𝑌0 (𝑠, 𝑡) + 𝜀𝑌1 (𝑠, 𝑡) + ⋯, 𝑍0 (𝑠, 𝑡)

𝜏𝑖𝑗 = 𝜏0𝑖𝑗 (𝑠)𝛿𝑖𝑗 + 𝜀𝑛𝜏1𝑖𝑗 (𝑠, 𝜙) + ⋯,

(2.20)

𝐸2 ≡[(𝜕𝑋∕𝜕𝑠)(𝜕 2 𝑍∕𝜕𝑠2 ) − (𝜕𝑍∕𝜕𝑠)(𝜕 2 𝑋∕𝜕𝑠2 )],

The boundary conditions are given by

(2.9)

+ 𝜀𝑍1 (𝑠, 𝑡) + ⋯],

𝐸1 ≡[(𝜕𝑍∕𝜕𝑠)(𝜕 2 𝑌 ∕𝜕𝑠2 ) − (𝜕𝑌 ∕𝜕𝑠)(𝜕 2 𝑍∕𝜕𝑠2 )],

2

(𝑢, 𝑣, 𝑤) = [𝑢0 (𝑠, 𝑡) + 𝜀𝑛𝑢1 (𝑠, 𝜙, 𝑡) + ⋯, 𝜀𝑛𝑣1 (𝑠, 𝜙, 𝑡) + ⋯, 𝜀𝑛𝑤1 (𝑠, 𝜙, 𝑡) + ⋯],
(𝑃 , 𝑅) = [𝑃0 (𝑠, 𝑡) + 𝜀𝑛𝑃1 (𝑠, 𝜙, 𝑡) + ⋯, 𝑅0 (𝑠, 𝑡) + 𝜀𝑅1 (𝑠, 𝜙, 𝑡) + ⋯],

(2.19)

𝑢 = 1 + 𝑎1 𝑠 + 𝑎2 𝑠2 + 𝑂(𝑠3 ),

(2.15)

𝑅=
[−𝑢2 + 1∕(𝑊𝑒 𝑅)]𝐸0 − (2𝑢∕𝑅𝑏 )[𝐸11 (𝜕𝑍∕𝜕𝑠) − 𝐸13 (𝜕𝑋∕𝜕𝑠)]

1 − 0.5𝑎1 𝑠 + (0.375𝑎21
3

(3.1)
3

− 0.5𝑎2 ) + 𝑂(𝑠 ),

(3.3)

𝑋 = 𝑠 + 𝑂(𝑠 ),

+ 𝐸12 ∕(𝐹 2 ) + [1∕(𝑅2𝑏 )][𝐸11 (𝑋 + 1) − 𝐸13 𝑍] + (1∕𝑅𝑒 )[2(𝜕𝜂∕𝜕𝑠)(𝑢𝐸 0 )

2

(3.2)

3

𝑌 = 𝑏1 𝑠 + 𝑂(𝑠 ),

(3.4)

(2.16)

𝑍 = 𝑐1 𝑠2 + 𝑂(𝑠3 ),

(3.5)

2
𝜏11 + 𝐷𝑒 [𝑢𝜕𝜏11 ∕𝜕𝑠 − 2𝜏11 𝜕𝑢∕𝜕𝑠 + (𝜇∕𝜂)𝜏11
] = 2𝜂𝜕𝑢∕𝜕𝑠,

(2.17)

𝜏11 = 2𝜂𝑎1 + 𝑑1 𝑠 + 𝑑2 𝑠2 + 𝑂(𝑠3 ),

2
𝜏22 + 𝐷𝑒 [𝑢𝜕𝜏22 ∕𝜕𝑠 + 𝜏22 𝜕𝑢∕𝜕𝑠 + (𝜇∕𝜂)𝜏22
] = −𝜂𝜕𝑢∕𝜕𝑠,

(2.18)

+ (7𝜂𝐸0 ∕3)(𝜕𝑢∕𝜕𝑠) + (5𝜂𝑢∕3)(𝜕𝐸0 ∕𝜕𝑠)] = 0,

2

3

𝜏22 = −𝜂𝑎1 + 𝑒1 𝑠 + 𝑒2 𝑠 + 𝑂(𝑠 ),
3

(3.6)
(3.7)
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where the constants 𝑎1 , 𝑎2 , 𝑏1 , 𝑐1 , 𝑑1 , 𝑑2 , 𝑒1 and 𝑒2 satisfy the following
relations
𝑎1 [1 + 1∕(2𝑊𝑒 )] + [(1 − 𝜂)∕𝑅𝑒 ](3𝑎21 − 4𝑎2 ) = (1∕𝑅2𝑏 ) + (3𝜂∕𝑅𝑒 )(2𝑎2 − 𝑎21 ), (3.8)
2(1 − 1∕𝑊𝑒 ) + (𝑏1 ∕𝐹 2 − 2𝑐1 ∕𝑅𝑏 )∕(𝑐12 ) + [28∕(3𝑅𝑒 )]𝑎1 = 0,
4𝑐1 ∕𝑅𝑏 +

𝑎21

+ 2𝑎2 + (𝑎2 −

0.25𝑎21 )∕𝑊𝑒

+ 4𝑐1 ∕𝑅𝑏

+ [(1 − 𝜂)∕𝑅𝑒 ](12𝑎1 𝑎2 − 1.5𝑎31 ) = (3𝜂∕𝑅𝑒 )(𝑎21 − 4𝑎1 𝑎2 ) = (1∕𝑅𝑏 )2 ,
𝑑1 − 4𝜂(1 −

𝜇)𝑎21

(3.9)

(3.10)

= 𝑑2 − (2𝑎2 𝜂 − 𝑑1 ∕2)∕𝐷𝑒 − 𝑎1 (−2𝜇𝑑1 + 0.5𝑑1 + 4𝑎2 𝜂) = 0,

(3.11)
𝑒1 + 𝜂(1 −

𝜇)𝑎21

= 𝑒2 + (𝑎2 𝜂 + 𝑒1 ∕2)∕𝐷𝑒 + 𝑎1 (𝑒1 − 𝑎2 𝜂 − 𝜇𝑒1 ) = 0.

(3.12)

The nonlinear system (2.13)–(2.34) is solved numerically by considering it as an initial value problem with independent variable s using
a finite difference scheme.17 Due to the realization that the viscous
stress terms in the system (2.13)–(2.34) contains second derivative for
centerline velocity u and third derivatives for X, Y and Z, we did make
use of the asymptotic solutions as are given in the system (3.1)–(3.12)
at 𝑠 = 0. However, determining such asymptotic solutions requires that
we know the values of three constants 𝑎1 , 𝑏1 and 𝑐1 in Eqs. (3.8)–(3.10).
But, these three algebraic equations contain four unknown constants
𝑎1 , 𝑏1 , 𝑐1 and 𝑎2 . Using an iterative procedure for given value of 𝑎2 , we
calculated iteratively 𝑎1 from (3.8). We then used such values for 𝑎1
and 𝑎2 in Eqs. (3.9)–(3.12) and found values of 𝑏1 , 𝑐1 , 𝑑1 , 𝑑2 , 𝑒1 and
𝑒2 . Next, we did our numerical computation. This iterative procedure
was carried out for several prescribed values of 𝑎2 , and we found out
that the numerical values for the rate of change of the strain rate at
𝑠 = 0 is very small of order 10−3 and was insensitive with respect to
the constant 𝑎2 , and the results for other jet quantities were also found
to be insensitive with respect to the value of 𝑎2 . Hence, we carried out
our actual computation by assuming 𝑎2 = 0. We used (3.1)–(3.7) to
determine the needed initial conditions for the dependent variables of
our initial value problem in our numerical procedure described above.
We start by considering cases for different values of the rotational
effect. Some typical effect of rotation on the jet radius are given in Fig. 2
that presents jet radius versus arc length for 𝑊𝑒 = 1.5, 𝑅𝑒 = 1.0, 𝐹 = 4.0,
𝐷𝑒 = 1.0, 𝜂 = 0.1 and three different values 1.0, 1.3 and 2.0 of the
Rossby number, which is the parameter for the rotational effect. One
main effect that can be observed from this figure is the destabilizing
effect on the jet radius by the rotational forces since the jet radius
decreases as the rotation rate increases. The same destabilizing effect
by the rotational forces is also apparent in this figure as arc length
increases since jet radius decreases with increasing the arc length.
We also generated additional data from our numerical solutions for
higher values of relaxation time, which corresponds to higher values of
the Deborah number, and found similar destabilizing effect exerted by
the forces due to rotation. In addition, our additional generated data
indicated that the curvature of the jet trajectory increases with the
rotational forces. We compared our present three-dimensional results
for the jet radius with those in the two-dimensional jet case.10 We found
that as the effect of the rotational forces increases, the rotational rate
of decrease of the jet radius as well as the arc length rate decrease
of the jet radius in the present results were notably higher than the
corresponding ones in the two-dimensional case.
We also generated data for the jet speed and the tensile force versus
arc length but for the same values of the parameters as in Fig. 2. We
found that again destabilizing effect of the rotational forces is apparent
since both jet speed and the tensile force are enhanced with increasing
the rotational forces. In addition, both jet speed and tensile.
Force increase with increasing the arc length. We also examined the
present three-dimensional results for the jet speed and the tensional as
we compared them with the corresponding ones in the two-dimensional
jet case in the absence of the force of gravity.10 We found that in
the present realistic case of the three dimensionality nature of the jet
system and the presence of the force of gravity can notably enhance
at higher values the jet speed and its rate of increase with the rotation

Fig. 2. Jet radius versus arc length for 𝑊𝑒 = 1.5, 𝑅𝑒 = 1.0, 𝐷𝑒 = 1.0, 𝜂 = 0.1, 𝐹 = 4.0
and three different values 1 (solid line), 1.3 (dotted line) and 2.0 (dashed line) of 𝑅𝑏 .

Fig. 3. Jet centerline for 𝑅𝑒 = 1.0, 𝐹 = 4.0, 𝐷𝑒 = 1.0, 𝑛 = 0.9, 𝑊𝑒 = 1.5, 𝜂 = 0.1 and for
different values of 𝑅𝑏 = 1.0 (blue line) and 1.3 (red line).

forces or arc length than the corresponding ones in the restricted twodimensional jet case. In the case of the tensile force, we found that
the tensile force is enhanced significantly with increasing the rotation
forces. In addition, we found that the tensile force and its arc length
rate of change increase significantly as the arc length increases if the
rotation rate is not too small.
Some typical effect of the rotational forces on the jet centerline,
which is basically the jet trajectory, are shown in Fig. 3, which is
drawn for the jet centerline in three-dimensional space with given
values of the parameters 𝑅𝑒 , F, 𝐷𝑒 , 𝜂 and 𝑊𝑒 and for two values of
the Rossby number. We can observe from this figure that the rotational
forces have destabilizing effect on the jet centerline since both the
local curvature of the trajectory curve and its tightness enhance with
the rotation forces. We also determined the effect of viscoelasticity on
the jet centerline by generating data from our numerical results for
prescribed values of 𝑅𝑒 , 𝑅𝑏 , 𝑊𝑒 , 𝜂 and F and different values of the
Deborah number 𝐷𝑒 . We detected that the local curvature of the jet
trajectory enhances with increasing the effect of the relaxation time.
Some typical results about the effect of the gravity force in the
present three-dimensional jet case on the jet speed are provided in
Fig. 4 that presents values of the jet speed versus arc length for given
4
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Fig. 5. The same as Fig. 4 but for tensile force versus arc length.
Fig. 4. u versus s for 𝑅𝑒 = 1.0, 𝑅𝑏 = 2.0, 𝑊𝑒 = 1.5, 𝜂 = 0.1, 𝐷𝑒 = 1.0 and different
values of 𝐹 = 4.0 (dashed line), 10 (dotted line) and 15.0 (solid line).

values of the parameters 𝑅𝑏 , 𝑅𝑒 , 𝑊𝑒 , 𝜂 and 𝐷𝑒 but for three different
values of the gravity parameter F. The effect of destabilization by the
gravity force is apparent in this figure since the jet speed increases
notably with increasing the effect of the gravity. In addition, such
destabilization becomes more significant as the arc length as well as
the gravity force increase. We, thus, demonstrated the significant and
realistic presence of the three-dimensionality nature of the jet system
and in the presence of the gravity force, that need to be taken into consideration in any jet modeling system since both three-dimensionality
of the jet and the presence of gravity can have notable realistic effects
in order for part of the reliability of a jet model to be developed at least
in regard to the presence of such realistic effects.
We also generated data from our numerical solutions to determine
some typical effect of the gravity force on the jet radius. We determined
the values of the jet radius versus arc length using the values of the
parameters that we chosen to be the same as those given in Fig. 4. The
destabilizing effect of the gravity force on the jet radius is shown in
our generated data to be significant since we found that the jet radius
decreases notably as the Froude number decreases. These results by
our generated data and those shown in Fig. 4 indicate that presence of
gravity force and the three-dimensionality nature of the jet flow system
are very important to be included in the development of a reliable
model for the jet flow system, which can complement any related experimental studies that can help to design in manufacturing technologies
for the production of polymeric fiber jets at micro and/or nano-scale
size, which is known to have tremendous amount of applications in
varies areas in science, engineering and technology.
Some typical effect of gravity force on the tensile force is provided
in Fig. 5, which shows tensile force versus arc length and for the
parameter values that are the same as those in Fig. 4. The results
that are shown from Fig. 5 indicate that gravity force has notable
destabilizing effect on the tensile force since tensile force is enhanced
as the Froude number decreases. In addition, the value of the tensile
force increases with the arc length, provided Froude number is not too
large and the jet centerline is at some small distance away from the jet
exit section
Typical results about the effects of the gravity force on the jet
trajectory in the three-dimensional space are provided in Fig. 6. This
figure is drawn for given parameter values 𝑅𝑒 , 𝑅𝑏 , 𝑊𝑒 , 𝜂, 𝜇 and 𝐷𝑒
and two values of the Froude number 4.0 and 10.0. In this figure the
gravity force is in the direction along negative Y -axis. We can observe

Fig. 6. Jet centerline for 𝑅𝑒 = 1.0, 𝑅𝑏 = 2, 𝑊𝑒 = 1.5, 𝐷𝑒 = 1.0, 𝜂 = 0.1 and different
values of 𝐹 = 4.0 (blue line) and 10.0 (red line).

from this figure that the gravity force of gravity tends to push further
the centerline of the jet in the downward direction, which causes the
jet to move at higher speed in the downward direction.
To determine effect of viscoelasticity on the jet speed, we present
here in Fig. 7 the graph of the jet speed versus arc length for given
values of the parameters 𝑅𝑏 = 2.0, 𝑅𝑒 = 1.0, 𝐹 = 4, 𝑊𝑒 = 1.5, 𝜂 = 0.1
and different values of the Deborah number, which is the parameter
that represents viscoelasticity. The results from this figure indicate that
viscoelasticity has weak destabilizing effect on the jet speed since jet
speed slightly increases with the relaxation time of the non-Newtonian
jet flow. In addition, the jet speed notably increases as arc length
increases for some moderate distance away from the jet exit section.
To determine the effect of viscoelasticity on the jet radius, we
generated numerical data for the jet radius versus arc length with given
values of the parameters that are the same as the ones used to draw
Fig. 7. The results of our data indicated that the values of the jet radius
decrease as the value of the arc length increases in but for all those
three cases for the Deborah number, and the value of the jet radius is
significantly smaller a short distance away from the jet exit. The results
of our generated data also indicate that at a short distance from the
5
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Fig. 8. Jet radius versus s for 𝑊𝑒 = 1.5, 𝑅𝑏 = 2.0, 𝑅𝑒 = 1.0, 𝐷𝑒 = 1, 𝜂 = 0.1, 𝜇 = 0.1
and for three-dimensional case (𝐹 = 4.0; dashed line) and two-dimensional case (F =∞;
solid line).

Fig. 7. u versus s for 𝑅𝑒 = 1.0, 𝑅𝑏 = 2.0, 𝐹 = 4.0, 𝑊𝑒 = 1.5, 𝜂 = 0.1 and different cases
of 𝐷𝑒 = 15.0 (dotted line), 3.0 (solid line) and 1.0 (dashed line).

jet exit, the rate of decrease of the jet radius with respect to the arc
length is higher for higher value of the viscoelasticity. Our more general
produced data for different values of the parameters indicated that the
jet radius in the present three-dimensional model is notably smaller as
compare with those results in the restricted case of two-dimensional
viscoelastic jet and the case of Newtonian jet flow. It is also clear from
these results that the three-dimensionality of the jet system as well the
non-Newtonian viscoelastic nature of the fiber jet both are destabilizing
in the present case of the non-Newtonian jet fluid flow.
Furthermore, our produced data for polymer viscosity parameter 𝜂
indicated that the main effect of the polymer viscosity is to stabilize
jet quantities such as the jet speed and jet radius, provided jet flow
is not close to the location of the orifice. This implies that the jet
speed decreases as the polymer viscosity increases, while the jet radius
increases with increasing such viscosity, provided jet flow is not very
close of the exit section of the jet.
To determine the effect of the force of gravity on the variations
of two additional jet quantities, which are strain rate (𝜕u/𝜕s) and
stretching rate (|𝜕R/𝜕s|), as the arc length increases, we generated
data from our numerical solutions about these quantities versus arc
length and for given values of the parameters 𝑊𝑒 = 1.5, 𝑅𝑏 = 2.0,
𝑅𝑒 = 1.0, 𝐷𝑒 = 1.0, 𝜂 = 0.1 and different values of the Froude number.
Our results from such data indicated that both realistic presence of
three-dimensional jet and the force of gravity provide destabilizing
effect on such jet quantities since both stretching rate and strain rate
increase with decreasing the Froude number. In addition, these two
jet quantities increase with increasing the arc length. Our additional
generated data for these two jet quantities versus arc length and
for different values of the Rossby number and the Deborah number
indicated that the effect due to the rotation rate and viscoelasticity
are also destabilizing since these jet quantities increase with increasing
either the rotational forces or the viscoelastic effect.
To determine the realistic effects of the three-dimensionality nature
of the jet in the presence of the gravity force, we made a direct
comparison between such jet flow and the restricted case of the twodimensional jet in the absence of the gravity by generating data for
the jet radius in both of these two jet cases. Our results are presented
in Fig. 8 for the jet radius versus arc length with given parameter
values 𝑅𝑒 = 1.0, 𝑅𝑏 = 2.0, 𝑊𝑒 = 1.5, 𝐷𝑒 = 1.0, 𝜂 = 0.1 and for the
three-dimensional case (𝐹 = 4.0; dashed line) and the two-dimensional
counterpart (F =∞; solid line). We can observe from this figure that

the jet radius the three-dimensional jet flow has notably higher values
than the jet radius for the two-dimensional jet, provided the jet is not
too close to its exit section. Furthermore, the rate of decrease of the
jet radius with respect to the arc length in the three-dimensional jet
significantly higher than the one for the two-dimensional jet.
We also investigated the results based on the three-dimensional case
in the presence of the gravity force, which we refer to here as the case
1, and the two-dimensional counterpart in the absence of gravity force,
which we refer to here as the case 2, for several different values of the
parameters. We found that for the order one values of the arc length,
the jet speed in the case 1 was higher than the one in the case 2 by at
least a factor of 2, and the jet radius in the case 1 was lower by a factor
of 0.6 or smaller than the one in the case 2. Thus, clearly presence
of gravity in the realistic three-dimensional domain makes significant
differences in the results as compare to the unrealistic two-dimensional
jet case.
4. Validation of present model
Our present model, which is applicable to rotating viscoelastic jet,
was developed first based on the Giesekus constitutive equations11 for
the stress tensor parts of the present jet flow system and then proper
scaling procedure and perturbation approaches were used to simplify
the modeling system to the level that can be applicable and be valid
subjected to physical and experimental conditions. So, in the following
paragraphs we shall describe our motivation for selecting the Giesekus
model, the physical relevance of our model and the experimental
validation.
From many known constitutive models that have been developed
in the past for the stress tensor of the governing non-Newtonian fluid
flow system,18 we just similar to many other authors in the past in
the area of viscoelastic fluid cases, implemented the Giesekus model
that has been used in the past studies by many investigators in their
non-Newtonian fluid flow studies such as in the investigated work for
the electrically driven viscoelastic jet.15 In contrast to a number of
models that have been developed for the constitutive equations of the
stress tensor parts of the governing partial differential equations for
the viscoelastic fluid flow18 that lack important nonlinear stress terms
in their developed constitutive equations, the Giesekus constitutive
equations contain important nonlinear stress terms. In addition, the
6
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Giesekus model is known to be able to detect a number of realistic
features of the real viscoelastic fluid flow and its nonlinear rheological
properties in the experiments and in the technological applications.
Also, in forcespinning process to produce fiber with applications in
fine fiber production technology that present results for the viscoelastic
jets can be relevant, it is known8 that large deformations take place
in a short period in time and the nonlinear polymeric models such
as the Giesekus model are suggested to be used in theoretical and
computational studies of the rotating viscoelastic fiber jet system8 .
Thus, in the present study we have used such model in order to be
able to detect more realistic features of the rotating viscoelastic fiber
jet quantities.
Our model is then developed by following the slender jet theory,
which is consistent with the observation in the related experiments and
is relevant in the corresponding applications in technology. Such theory
then introduces a very small parameter, which is the aspect ratio for the
jet, and we made use of such parameter as the one for our perturbation
procedure and expansion under proper scaling that is fully in agreement
with the physical laws that various quantities such as fluid viscosity,
surface tension, polymer viscosity, rotation and viscoelasticity can obey
and vary. As a result of such developed model the solutions for the
quantities of the jet flow system such as jet speed, radius, tensile force,
strain rate, jet trajectory and stretching rate all were found to follow
physical meaningful results, which were described in detail in the last
section, and, thus, such physically meaningful results further add to the
validation of our model.
Additional validation of our model was found by direct comparison of our results with those observed in the relevant experiments
(see Ref. 8). These authors in this reference studied experimentally
production of fiber jets that can made during the forcespinning process.
High speed photography was used in order to understand the way fiber
is produced through the forcespinning process. As a result of their
experimental studies, they collected data and were able to determine
some fiber jet quantities and their effects for different values of angular
velocity of the rotating spinneret and the polymer viscosity of the
viscoelastic fluid solution. Their selected fluid solution was a weight
percentage of PEO (Polyethylene oxide) concentration in water. The
jet quantities that these authors were determined include those such as
jet trajectory, jet speed and jet radius. Their results on the way such
quantities vary with respect to certain parameters that they were able
to control and vary such as angular velocity of rotation and polymer
viscosity were found to agree completely and qualitatively with the
present results. Of course, it was not expected to have quantitative
agreement between the present results and those in their experiments
due to different parameter values that were used there as well as
other effects that were presented in the experiments that were not
included in the present model such as presence of fiber collection
system, evaporation of the solvent, aerodynamic force and temperature
effects.

(ii) The values of the above three jet quantities increased as the arc
length of the jet centerline increased from a very short distance from
the orifice, and the values of these quantities increased with increasing
the effects due to viscoelasticity and the rotational forces and decreased
with increasing the polymeric viscosity
(iii) The value of the jet radius decreased notably by the threedimensionality of the jet centerline and by increasing the strength of
the force of gravity, but the value of the jet radius increased with the
polymeric viscosity.
(iv) The value of the jet radius decreased as the values of the
arc length of the jet centerline, rotational forces and the viscoelastic
effect increased with increasing the effects due to the rotation and the
viscoelastic effect.
(v) For order one values of the arc length and for various values of
the parameters, presence of gravity force made jet speed higher by at
least a factor of 2 and made jet radius lower by a factor of 0.6 or smaller
as compare to the corresponding values in the absence of gravity case.
(vi) We detected that certain effects were destabilizing the jet flow
since increasing such effects increased both the strength of the jet flow
and the curvature of the jet centerline. These effects were found to be
due to three-dimensional structure of the jet flow, rotational forces,
viscoelastic effect of the polymeric flow and the presence of the force
of gravity force.
(vii) We also determined that the effects due to surface tension and
the polymeric viscosity are stabilizing since they reduce strength of the
jet flow.
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Appendix

Nomenclature of symbols
c
half-length of spinneret
F
Froude number
I
unitary matrix
n
unit normal vector
R
jet radius
𝑅𝑏
Rossby number
r
position vector
T
stress tensor
u
jet velocity vector
U
centerline velocity at jet exit
𝑤
velocity in azimuthal direction
(X, Y, Z)
Cartesian coordinate system
Y
Y -coordinate of a point
𝛽
n–R
𝜆
relaxation time
𝜂p
polymer viscosity
𝜇
drag coefficient
𝛺
magnitude of 𝝎
𝜙
azimuthal angle

5. Conclusion
Three-dimensional nonlinear system of partial differential equations
for the rotating viscoelastic jet system in the presence of force of gravity
were simplified by using proper scaling and perturbation techniques in
the Giesekus modeling formulation. We determined the solutions to this
simple system both asymptotically and by numerical computation. We
uncovered effects due to the realistic three-dimensionality of the jet
system in the presence of the force of gravity on the jet quantities for
different values of the rotational forces, viscoelasticity of the polymeric
fluid flow, gravity force and the polymeric viscosity.
We highlight here the main findings that are given below:
(i) The values of the three jet quantities speed, stretching rate
and the strain rate were increased notably by the three-dimensionality
nature of the jet and by increasing the strength of the force of gravity.
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𝜎
𝜏11
𝜏22
𝐷𝑒
g
n
P
𝑟0
𝑅𝑒
s
𝑇𝑓
u
v
𝑊𝑒
X
Z
∇
𝜂
𝜂s
𝝎
𝜀
𝜌
𝜿
𝝉
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surface tension
normal stress along s
normal stress along n
Deborah number
acceleration due to gravity
radial variable
pressure
orifice radius
Reynolds number
arc length
tensile force
centerline velocity
radial velocity
Weber number
X -coordinate of a point
Z-coordinate of a point
gradient vector
viscosity ratio
solvent viscosity
angular velocity vector
aspect ratio parameter
fluid density
twice mean curvature
stress tensor–solvent viscous
term
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